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Abstract
We give bounds on the degree of generators for the ideal of relations
of the graded algebras of modular forms with coefficients in Q over con-
gruence subgroups Γ0(N) for N satisfying some congruence conditions
and for Γ1(N). We give similar bounds for the graded Z[ 1N ]-algebra of
modular forms on Γ1(N) with coefficients in Z[ 1N ]. For a prime p ≥ 5,
we give a lower bound on the highest weight appearing in a minimal list
of generators for Γ0(p), and we identify a set of generators for the graded
algebra M(Γ0(p),Z) of modular forms over Γ0(p) with coefficients in Z,
showing that, in contrast to the cases studied in [Rus12], this weight is
unbounded. We generalize a result of Serre concerning congruences be-
tween modular forms over Γ0(p) and SL2(Z), and use it to identify a set of
generators for M(Γ0(p),Z), and we state two conjectures detailing further
the structure of this algebra. Finally we provide computations concerning
the number of generators and relations for each of these algebras, as well
as computational evidence for these conjectures.
Introduction
Fix a congruence subgroup G which is either of the form Γ0(N) or Γ1(N) for
some N , and A a subring of C. A modular form on G has a q-expansion:
f(z) =
∑
i≥0
aiq
i
where q = e2ipiz and ai ∈ C for all i ≥ 0. If A is a subring of C, and if f is a
modular form of level G and weight k such that:
f(z) =
∑
i≥0
aiq
i ∈ A[[q]]
then we say that f has coefficients in A. The set of modular forms on G and
coefficients in A is an A-module, which we denote by Mk(G,A). In the case
where A = C, we write simply Mk(G) = Mk(G,C). When G = SL2(Z) is the
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full modular group, we say f is of level 1.
The set {f ∈ Mk(G,A) : k = 0 or k ≥ 2} generates a graded A-module which
we denote by M(G,A), and which can be written as the direct sum:
M(G,A) =M0(G,A)⊕
⊕
k≥2
Mk(G,A)

where M0(G,A) = A. When A = C, we write M(G) = M(G,C). When there
is no ambiguity, we may drop the congruence group and the ring of coefficients
from the notation.
If A = Fp, then by Mk(G,Fp) we mean the formal mod p reductions of the
q-expansions of modular forms in Mk(G,Z). Thinking of modular forms as
q-expansions, we write:
Mk(G,Fp) =Mk(G,Z)⊗ Fp.
We then define M(G,Fp) similary as:
M(G,Fp) =M0(G,Fp)⊕
⊕
k≥2
Mk(G,Fp)
 .
When G = Γ1(N) with N ≥ 5, and k ≥ 2, we have a more conceptual inter-
pretation of mod p modular forms; see Section 1 for further clarification. The
reason we omit modular forms of weight 1 is to avoid the difficulty arising from
the existence of modular forms mod p of weight 1 which do not lift to charac-
teristic 0, and because in practice it is more difficult to do computations with
weight 1 modular forms.
For a congruence group G and a subring A of C, the graded A-algebraM(G,A)
is finitely generated (see [DR73], The´ore`me 3.4). Thus there exists an integer
n ≥ 2 such that the smallest graded A-subalgebra of M(G,A) containing:
M0(G,A)⊕
(
n⊕
k=2
Mk(G,A)
)
is the whole algebraM(G,A). For any such n, we say thatM(G,A) is generated
in weight at most n, and the smallest such n is called the generating weight of
M(G,A).
In [Rus12], we studied the graded algebras of modular forms of various levels
and over subrings A of C. Our main theorem in [Rus12] was that for N ≥ 5,
the algebra M(Γ1(N),Z[
1
N ]) is generated in weight at most 3. The key idea
was to use a result that first appeared in Mumford’s paper [Mum70] concerning
invertible sheaves on algebraic curves, and apply it to modular curves over finite
fields Fp for all p ∤ N , to conclude the result over Z[
1
N ]. To deal with mod p
modular forms, we appealed to the existence of a fine moduli scheme classifying
elliptic curves with Γ1(N) structure when N ≥ 5. For levels Γ0(N) (for N
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satisfying some congruence conditions) and over C (equivalently, over Q), we
proved a similar result, where the generating weight is now 6.
This article is divided into three parts. In the first part, we deal with the ideal of
relations. Suppose that {g1, · · · , gr} is a minimal set of generators of M(G,A).
Then one can define a homomorphism of graded A-algebras:
Φ : A[x1, · · · , xr] 7→M(G,A)
given by Φ(xi) = gi for 1 ≤ i ≤ r, where A[x1, · · · , xr] is a weighted polynomial
ring, each xi receiving the weight of gi. The ideal I = kerΦ is finitely generated,
and it is the ideal of relations. We say that the ideal of relations of M(G,A)
(always with respect to a minimal set of generators) is generated in degree at
most n if one can pick generators {r1, · · · , rm} of I each lying in degree at most
m. Again using the tools in [Mum70], we provide bounds on the degree of gen-
erators of the ideal of the relations that exist between elements of a minimal set
of generators of the algebra. More precisely, we prove:
Theorem 1.4. Choosing a minimal set of generators for M = M(Γ,Q), the
ideal of relations is generated:
• in degree at most 6 when Γ = Γ1(N) for N ≥ 5, or
• in degree at most 10 when Γ = Γ0(N) for N satisfying:
N ≡ 0 (mod 4) or N ≡ 0 (mod p), p ≡ 3 (mod 4)
and:
N ≡ 0 (mod 9) or N ≡ 0 (mod p), p ≡ 5 (mod 6).
The main result of this section concerns the ideal of relations for modular forms
of level Γ1(N) and with coefficients in Z[ 1N ], and we prove it using the existence
of the fine moduli scheme. Precisely, we prove:
Theorem 1.7. Let N ≥ 5. Choosing a minimal set of generators for
M = M(Γ1(N),Z[
1
N ]), the ideal of relations is generated in degree at most
6.
In the second part, we turn our attention to modular forms of level with coeffi-
cients in Z. Here we choose to deal with the easiest case, the modular forms of
level Γ0(p), although we expect that our method generalizes to other congruence
subgroups. First we look at what the generating weight can be, and we prove
that, when restricting to coefficients in Z, there is no longer a uniform upper
bound on the generating weight independently of the level. More explicitly, we
prove:
Theorem 2.3. Let N ≥ 5 and let p ≥ 5 be a prime which divides N exactly
once. Then any set of generators for M(Γ0(N),Z) contains a form of weight
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p− 1. In particular, the generating weight of M(Γ0(N),Z) is at least p− 1.
Next, we proceed to identify a set of generators for M(Γ0(p),Z). This set
consists of the T -form T ∈Mp−1(Γ0(p),Z) appearing in [Rus12], given by:
T (z) :=
(
η(pz)p
η(z)
)2
,
and the subset S of those modular forms with coefficients in Z whose p-adic
valuation at the cusp 0 are not too negative. We recall here that the T -form
played a fundamental role in the algorithm we developed in [Rus12] based on
the work of Scholl in [Sch79]. In particular, for f =
∑
n≥0 anq
n, we define the
p-adic valuation of f as:
vp(f) = inf{vp(an) : n ≥ 0},
and we show:
Theorem 2.9. Let S = {f ∈ M(Γ0(p),Z) : vp(f˜) ≥ 0}. Then M(Γ0(p),Z)
is generated by T and the set S.
In order to prove that these modular forms generateM(Γ0(p),Z), we first prove
a generalization of a result of Serre appearing in [Ser73] concerning congru-
ence relations between modular forms on Γ0(p) and on SL2(Z). In that paper,
Serre proves that for a modular form f of level p and of weight k, there is
a modular form g of level 1 and of weight k′ ≥ k such that f ≡ g (mod p).
Now for f ∈ Mk(Γ0(N),Z), and an odd prime p dividing N exactly once, set
f˜ = pk/2f |WNp , where f |W
N
p is the image of f under the Atkin-Lehner involu-
tion associated to p (see Section 2.1). Our generalization is formulated as follows:
Theorem 2.6. Let p ≥ 5, f ∈Mk(Γ0(p),Z) with vp(f) = 0 and vp(f˜) = k+ a.
Then there exists g ∈Mk−a(p−1)(SL2(Z),Z) such that f ≡ g (mod p).
Note that whenever f satisfies the conditions of this theorem, we have k ≥
a(p − 1) by the bounds on vp(f˜) given in Proposition 3.20 of [DR73]. Serre’s
result covers the case of the theorem where a ≤ 0, so that the weight we get
for the level 1 modular form g is k − a(p − 1) ≥ k, and he proves this using
an elementary trace argument. Our generalization shows that even if a > 0,
such a congruence holds, and one can actually pick the level 1 form g in weight
k′ = k − a(p − 1) < k. Serre’s argument does not generalize in an obvious
way, and to prove this generalization, we resort to the intersection theory on
the Deligne-Mumford stacks classifying elliptic curves with Γ0(p) structure as
studied in [DR73]. We provide a brief summary of the main notions of this
intersection theory. Finally we state two conjectures (Conjectures 1 and 2) con-
cerning the generating weight of the subalgebra generated by S.
The results of this paper along with those in [Rus12] allow us to write down an
explicit algorithm that fully determines the structure of algebra M(G,A) with
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a minimal set of generators and relations (when A is a PID). The last part of
this paper comprises the results of computations carried out using the algorithm
and contains the structure of this algebra for various G and A. It also contains
the results of computations that support Conjecture 2.
Acknowledgements. The author wishes to thank Jim Stankewicz for help-
ful discussions and clarifications he offered regarding the paper of Deligne and
Rapoport ([DR73]) and their theory of the moduli stacks.
Notation, definitions and conventions
Here we add futher definitions, notation, and conventions to the ones given
above in the introduction. The standard Eisenstein series of level 1 and weight
k, normalized so that the constant term in the q-expansion is 1, is denoted by
Ek. The unique cusp form of level 1 and weight 12 (normalized to have a leading
term q in the q-expansion) is denoted by ∆. The Dedekind eta function η is
defined by the product:
η(z) = e
2ipiz
24
∞∏
n=1
(1 − qn)
and is a modular form of weight 12 . The modular forms η and ∆ are related by:
η(z)24 = ∆(z).
We recall the defintion of a T -form, first defined in [Sch79], which played a key
role in our work appearing in [Rus12].
Definition 1. For a congruence group G and a ring A ⊂ C, a modular form
T ∈Mk(G,A) is called a T -form if it satisfies the following conditions:
• T only vanishes at the cusp ∞, and
• the q-expansion of T lies in A[[q]] and the q-expansion of T−1 lies in
A((q)).
If f ∈Mk(G), and γ ∈ GL2(Q), where:
γ =
(
a b
c d
)
,
we define the action of γ on z ∈ C by:
γ · z =
az + b
cz + d
,
and the operator −|kγ : f 7→ f |kγ by:
(f |kγ)(z) = (det γ)
k/2 (cz + d)
−k
f(γ · z).
Note that for a fixed level G, the collection of operators {−|kγ : k ∈ N} defines
a graded operator on M(G), which we denote simply by −|γ : f 7→ f |γ.
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1 Relations
Let X be a be a smooth, geometrically connected algebraic curve of genus g
over a perfect field k. Let L, M, and N be three invertible sheaves on X . We
have the following exact sequence:
0→ R(L,M)→ H0(X,L)⊗H0(X,M)
µ
−→ H0(X,L ⊗M)→ S(L,M)→ 0
where µ is the natural multplication map:
∑
fi ⊗ gi 7→
∑
figi, R(L,M) and
S(L,M) are respectively its kernel and cokernel. In [Rus12], we studied the
generators of graded algebras of modular forms, using the first of the following
results that first appear in [Mum70].
Lemma 1.1. Let L, M, and N be as above.
1. If degL ≥ 2g + 1 and degM≥ 2g, then µ is surjective.
2. The natural map:
R(L,M)⊗H0(X,N )→ R(L⊗N ,M)
mapping (
∑
fi ⊗ gi) ⊗ h 7→
∑
(fih) ⊗ gi is surjective if degL ≥ 3g + 1,
and min{degM, degN} ≥ 2g + 2.
We recall the following fact proven in [Rus12].
Corollary 1.2. M(Γ,Q) is generated:
1. in weight at most 3, when Γ = Γ1(N) for N ≥ 5, or
2. in weight at most 6, when Γ = Γ0(N) for N satisfying the following con-
gruence conditions:
N ≡ 0 (mod 4) or N ≡ 0 (mod p), p ≡ 3 (mod 4)
and:
N ≡ 0 (mod 9) or N ≡ 0 (mod p), p ≡ 5 (mod 6)
We make the following additional observations.
Remark 1.3.
1. In [Rus12], we used a weaker version of Lemma 1.1, resulting in the upper
bound 6 on the weight in part (2) of Corollary 1.2. In fact, Lemma 1.1
allows us to show, using the same proof as in [Rus12], that the bound in
part(2) of Corollary 1.2 can actually be taken to be 4.
2. It follows from the first part of Corollary 1.2 that a minimal set of genera-
tors ofM(Γ1(N),Q) must be the union of bases of the spacesM2(Γ1(N),Q)
and M3(Γ1(N),Q), since no weight 2 forms can give rise to forms in
weight 3.
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Consider the graded Q-algebra M = M(Γ,Q) and pick a minimal set of gener-
ators {g1, · · · , gn} for it. This provides us with a map of graded algebras:
Φ : A→M
xi 7→ gi
where A = Q[x1, · · · , xn] is the polynomial algebra where each xi is given the
weight of gi. We denote by Ak the Q-vector space spanned by degree k polyno-
mials. We wish to examine generators of the homogeneous ideal kerΦ, which is
the ideal of relations. In [Wag80] and [Wag81], Wagreich describes the genera-
tors of the ideal of relations ofM whenM is generated by at most 4 generators.
Our result is valid regardless of the number of generators involved.
Theorem 1.4. Choosing a minimal set of generators for M = M(Γ,Q), the
ideal of relations is generated:
1. in degree at most 6 when Γ = Γ1(N) for N ≥ 5,
2. in degree at most 10 when Γ = Γ0(N) for N satisfying:
N ≡ 0 (mod 4) or N ≡ 0 (mod p), p ≡ 3 (mod 4)
and:
N ≡ 0 (mod 9) or N ≡ 0 (mod p), p ≡ 5 (mod 6)
Proof. For (1), as per Remark 1.3, if we choose a minimal set of generators,
then there are no relations in degrees 2 or 3. Let P ∈ A be a homogeneous
polynomial of degree k ≥ 7, representing a relation in M in weight k ≥ 7. As
explained in [Rus12], we have a line bundle L on the modular curve X = X1(N)
of genus g such that:
Mk = H
0(X,L⊗k)
and degL ≥ g + 1 (when N ≥ 5).
Let a = 5 if k = 7, and a = 6 otherwise. The polynomial P is the sum of
homogeneous monomials, each of degree k. Since k ≥ 7, each of these monomials
is divisible by a monomial of degree a. Let {v1, · · · , vn} be a basis of Ak−a. Thus
we can write:
P =
n∑
i=1
Qivi
where for all i, Qi is a homogeneous polynomial of degree a.
For somem, and possibly after a reordering of the vi’s, the set {Φ(v1), · · · ,Φ(vm)}
is a basis of Mk−a. This means that for every j such that m+ 1 ≤ j ≤ n there
are constants α1,j , · · · , αm,j such that:
Φ(vj) =
m∑
i=1
αi,jΦ(vi).
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Hence letting
Gj := vj −
m∑
i=1
αi,jvi
for m + 1 ≤ j ≤ n, we have Φ(Gj) = 0, i.e., the Gj ’s are relations in weight
k − a. Now if for 1 ≤ i ≤ m we set:
Q′i := Qi +
n∑
j=m+1
αi,jQj,
we can rewrite P as:
P =
m∑
i=1
Q′ivi +
n∑
j=m+1
GjQj ,
where, since Φ(P ) = 0 and Φ(
∑n
j=m+1GjQj) = 0, we have Φ(
∑m
i=1Q
′
ivi) = 0.
We see then that
∑m
i=1Q
′
ivi must be represented in R(L
⊗(k−a),L⊗a), that is:
m∑
i=1
Φ(Q′i)⊗ Φ(vi) ∈ R(L
⊗(k−a),L⊗a).
We have then the following diagram:
0 R(L⊗a,L⊗(k−a)) H0(X,L⊗a)⊗H0(X,L⊗(k−a)) H0(X,L⊗k)
R(L⊗3,L⊗(k−a))⊗H0(X,L⊗(a−3))
ǫ
By Lemma 1.1, the map ǫ is surjective. Thus for each i, we can find polynomials
Hs in degree 3− a+ k ≤ k− 2, and polynomials Fi,s in degree a− 3, satisfying:
Φ(
m∑
i=1
Fi,svi) = 0
and such that:
m∑
i=1
Φ(
∑
s
HsFi,s)⊗ Φ(vi) =
m∑
i=1
Φ(Q′i)⊗ Φ(vi),
so that:
Φ(
∑
s
HsFi,s) = Φ(Q
′
i),
hence
Q′i =
∑
s
HsFi,s +Wi
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where for all i, Φ(Wi) = 0, i.e. Wi is a relation in weight a. Putting all the
above together, we get:
P =
m∑
i=1
(
∑
s
HsFi,s)vi +
m∑
i=1
Wivi +
n∑
j=m+1
GjQj
so P can be written in terms of relations of degrees k − (a − 3), a, and k − a,
which are all ≤ k − 2.
For (2), suppose that N satisfies the given congruence conditions. When the
genus g of the modular curve X = X0(N) is 0, the statement follows from the
results of [SS11]. So suppose that the modular curve X = X0(N) is of genus
g ≥ 1. We have a line bundle L on X such that for even k:
Mk = H
0(X,L⊗k/2)
(since the conditions on N remove any elliptic points and irregular cusps), and
degL ≥ 2g. We can then repeat the same argument as above since for even
k ≥ 10, we have the following diagram:
0 R(L⊗4,L⊗(k/2−4)) H0(X,L⊗4)⊗H0(X,L⊗(k/2−4)) H0(X,L⊗k/2)
R(L⊗2,L⊗(k/2−4))⊗H0(X,L⊗2)
ǫ
where the map ǫ is surjective by Lemma 1.1. Thus any relation of degree ≥ 12
can be written as a combination of relations of degrees k − 4, 8, and k − 8.
We now turn to the case of modular forms of level Γ1(N) over Z[
1
N ]. First we
consider the situation in positive characteristic. Note that while in characteristic
0 any relation must be a homogeneous polynomial in the generators (see [Miy06],
Lemma 2.1.1), in positive characteristic one might have non-homogeneous re-
lations (for example, the famous Ep−1 ≡ 1 (mod p)). Here we restrict our
attention to homogeneous relations. Recall that (cf. [Gro90]) when N ≥ 5,
the functor representing generalized elliptic curves over Z[ 1N ] with a choice of a
point of exact order N is representable by a fine moduli Z[ 1N ]-scheme X1(N).
On this scheme there is an invertible sheaf, which we denote by ω. The modular
forms of level Γ1(N) over Z[
1
N ] are just global sections of tensor powers of this
invertible sheaf:
Mk(Γ1(N),Z[
1
N
]) = H0(X1(N), ω
⊗k).
When p ∤ N , the scheme X1(N) admits a good reduction
X1(N)FP := X1(N)⊗ Fp,
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and the invertible sheaf ω also pulls back to an invertible sheaf ωFp , and by base
change theorems, we have the following identification (for k ≥ 2):
Mk(Γ1(N),Fp) = H
0(X1(N)Fp , ω
⊗k
Fp
).
Lemma 1.5. Let N ≥ 5, and p ∤ N be a prime. Choosing a minimal set of
generators of M(Γ1(N),Fp), the homogeneous relations are generated in degree
at most 6.
Proof. As Fp is perfect, and degωFp = degω (this is shown in the proof of Propo-
sition 1 in [Rus12]), the argument in Theorem 1.4 goes through unchanged.
As above, suppose we have a minimal set of generators {g1, · · · , gn} for M =
M(Γ1(N),Z[
1
N ]), and let A = Z[
1
N ][x1, · · · , xn] be the weighted polynomial
algebra where each xi is given the weight of gi. Again, the homogeneous ideal
kerΦ is finitely generated. This provides us with a map of graded algebras:
Φ : A→M
xi 7→ gi.
So for every weight k, there is a short exact sequence:
0 ker(Φ)k Ak Mk 0
Φ
where the subscript k indicates weight k homogeneous submodule. For p ∤ N ,
the map Φ induces a morphism Φ¯ : Ak ⊗ Fp → Mk ⊗ Fp. Since Fp is flat over
Z[ 1N ], so we have a commutative diagram with exact rows:
0 ker(Φ)k Ak Mk 0
0 ker(Φ)k ⊗ Fp Ak ⊗ Fp Mk ⊗ Fp 0
Φ
Φ¯
α β γ
As the map α in the above diagram is surjective, this shows that any mod p
homogeneous relation of degree k between the generators must be the reduction
mod p of a relation in characteristic 0. That is, we have shown the following
lemma:
Lemma 1.6. The mod p relations of degree k between the generators are pre-
cisely the elements of ker(Φ)k ⊗ Fp, the reductions mod p of relations of degree
k in characteristic 0.
We now proceed to prove:
Theorem 1.7. Let N ≥ 5. Choosing a minimal set of generators for M =
M(Γ1(N),Z[
1
N ]), the ideal of relations is generated in degree at most 6.
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Proof. We argue as in the proof of Theorem 1 in [Rus12]. Let R1, · · · , Rm be
the relations that generate kerΦ up to degree 6. By Lemma 1.6 and Lemma
1.5, the reductions R¯1, · · · , R¯m generate the homogeneous relations mod p. Let
B0 be a relation in degree k ≥ 7. Suppose for the sake of contradiction that B0
is not in the submodule of kerΦ generated by R1, · · · , Rm. As in the proof of
Theorem 1.4, we can assume R1, · · · , Rm have weights in {k− (a− 3), a, k− a},
where a = 5 if k = 7, and a = 6 otherwise. The reduction mod p of B0 can be
written as:
B¯0 =
m∑
i=1
F¯
(0)
i R¯i
where F¯
(0)
i have weights ≥ 2, so that the mod p modular forms represented by
these polynomials have lifts to characteristic 0. Let F
(0)
i ∈ Z[
1
N ][x1, · · · , xn]
denote a lift of F¯
(0)
i . By our assumption,
B0 −
m∑
i=1
F
(0)
i Ri 6= 0
Then there must be some nonzero polynomial B1 such that:
B0 −
m∑
i=1
F
(0)
i Ri = pB1.
Since B0 and Ri are relations of degree k, it follows that B1 is itself a relation
of degree k, and we can repeat the process with B1:
B1 −
m∑
i=1
F
(1)
i Ri = pB2
for some B2, F
(1)
i ∈ Z[
1
N ][x1, · · · , xn]. Iterating this, we have:
B0 =
m∑
i=1
FiRi
where Fi ∈ Zp[x1, · · · , xn]. This holds for each p ∤ N , so by Lemma 4 of [Rus12],
we conclude that for each i, Fi ∈ Z[ 1N ][x1, · · · , xn], whence a contradiction.
2 Modular forms with coefficients in Z
2.1 The lower bound
A classical known fact is that M(SL2(Z),C) = C[E4, E6], and one can easily
show the stronger statement thatM(SL2(Z),Z[ 16 ]) = Z[
1
6 ][E4, E6], see Theorem
6.3 in [Kil08]. If one wishes to restrict consideration to modular forms with
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coefficients in Z, then we find that M(SL2(Z),Z) is generated by E4, E6 and
∆, and in fact (see [Del75]):
M(SL2(Z),Z) ∼= Z[E4, E6,∆]/(E
3
4 − E
2
6 − 1728∆).
We see that the generating weight increases from 6 to 12 when we pass to the
ring Z. The purpose of this section is to show that the increase in the generating
weight when passing to Z is a general phenomenon.
Consider a level N ≥ 1 and an odd prime p dividing N exactly once. We can
then define the Atkin-Lehner involution:
WNp =
(
p a
N bp
)
where a and b are any integers such that detWNp = p
2b−Na = p. First we need
the following lemma, due to Kilbourn (see [Kil07]). This lemma generalizes a
result obtained in prime level in [DR73].
Lemma 2.1. Let N ≥ 1 and let p be an odd prime dividing N exactly. Then
for all k ≤ p− 3, :
|vp(f |W
N
p )− vp(f)| ≤ k/2.
For convenience, we will make the following definition.
Definition 2. Let N and p be as in Lemma 2.1, k ≥ 0 and f ∈Mk(Γ0(N),Q).
Then we define the following operator:
f˜ := ω˜(f) := pk/2f |WNp .
Then we have a corollary of Lemma 2.1:
Corollary 2.2. Let N and p be as in Lemma 2.1, 0 ≤ k ≤ p − 3, and f ∈
Mk(Γ0(N),Q). Then:
vp(f˜) ≥ vp(f).
In particular, if vp(f) = 0, then vp(f˜) ≥ 0.
We will prove the following:
Theorem 2.3. Let N ≥ 5 and let p ≥ 5 be a prime which divides N exactly
once. Then any set of generators for M(Γ0(N),Z) contains a form of weight
p− 1. In particular, the generating weight of M(Γ0(N),Z) is at least p− 1.
Proof. The idea of the proof is to produce a modular form in weight p− 1 that
cannot be written as a polynomial with Z coefficients in modular forms with Z
coefficients in weights < p− 1. Recall (see [Rus12]) the T -form T , given by:
T (z) :=
(
η(pz)p
η(z)
)2
∈Mp−1(Γ0(p)) ⊂Mp−1(Γ0(N))
We recall also that both T and T−1 have q-expansion coefficients in Z. It is also
obvious that vp(T ) = 0. The truth of Theorem 2.3 then clearly follows from the
following lemma:
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Lemma 2.4. The form T is not a polynomial with Z coefficients in modular
forms with Z coefficients in weights < p− 1.
Proof. We will prove the lemma by showing that T violates the inequality in
Lemma 2.1, and that every modular form which is a polynomial in forms of
weight < p− 1 must satisfy the inequality.
We define the following matrices:
Mp =
(
1 a
N
p pb
)
,
M ′p =
(
p a
N
p b
)
γ =
(
p 0
0 1
)
.
We note that WNp = Mpγ, and that γW
N
p = pM
′
p, so γW
N
p acts on modular
forms via the −|k operator in the same way as M ′p does. We with to compute
vp(T˜ ) where T˜ = p
p−1
2 T |WNp . We have:
T˜ (z) = pp−1(Nz + pb)−(p−1)
(
η(M ′p · z)
p
η(WNp · z)
)2
.
By applying the appropriate transformation formulae for the η function (see for
instance [Ko¨h11]), we have:
η(M ′p · z)
2 = pνη(M
′
p)
2(Nz + pb)η(z)2,
η(WNp · z)
2 = νη(Mp)
2(Nz + pb)η(p · z)2,
where νη(−) is the eta multiplier. After writing out the multipliers explicitly,
we find that:
T˜ (z) = ǫp−1
(
η(z)p
η(pz)
)2
where:
ǫ =
{
e(
2Np−6p−2N/p+6
24 ) if N/p ∈ 2Z
e(
2Np−6N+4N/p
24 ) otherwise
,
and e(z) = e2ipiz. It is is show to show that ǫ = ±1, and hence that vp(T˜ ) = −1.
All we need to show is that
Np− 3p−N/p+ 3 ≡ 0 (mod 6) if
N
p
≡ 0 (mod 2)
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and that
Np− 3N + 2N/p ≡ 0 (mod 6) if
N
p
≡ 1 (mod 2).
Indeed, we have p ≡ 1 (mod 2) and p ≡ ±1 (mod 3), so if Np ≡ 0 (mod 2),
then: {
Np− 3p−N/p+ 3 ≡ 0 (mod 2) , and
Np− 3p−N/p+ 3 ≡ 0 (mod 3).
Similarly, if Np ≡ 1 (mod 2), then:{
Np− 3N + 2N/p ≡ 0 (mod 2) , and
Np− 3N + 2N/p ≡ 0 (mod 3).
To finish the proof, note that the operator ω˜ of Definition 2 defines an operator
on the graded algebra of modular forms:
f˜ g = f˜ · g˜,
f˜ + g = f˜ + g˜.
Suppose now that
T =
∑
ci1,··· ,ing
i1
1 · · · g
in
n
where ci ∈ Z and gi ∈ M(Γ0(N),Z) are modular forms in weights ≤ p − 3.
Then:
T˜ =
∑
ci1,··· ,in(g˜1)
i1 · · · (g˜n)
in ,
which would force vp(T˜ ) ≥ 0 by Corollary 2.2, but that contradicts the above
computation of vp(T˜ ).
We have now established Lemma 2.4, and Theorem 2.3 follows immediately.
In [Rus12], we raised the question of the lowest weight in which one could find
a T -form (see Definition 1) for Γ0(p), and we proved that the lowest weight is
either p− 1 or p−12 . As a corollary to Lemma 2.4, we have the following:
Corollary 2.5. Let p ≥ 5. The lowest weight in which one can find a T -form
for Γ0(p) is p− 1.
Proof. Let T be the T -form in weight p− 1 defined above. Suppose there exists
a T -form T ′ of lower weight. By the defining properties of T -forms, it follows
that T ′ divides T in the algebra of modular forms, and that TT ′ = T
′′ is a T -form
in weight < p− 1. Then T = T ′T ′′, but this contradicts Lemma 2.4.
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2.2 Intersection theory on MΓ0(p)
For the convenience of the reader, we summarize here the main definitions re-
garding the intersection theory on the stacksMΓ0(p) studied in [DR73]. For our
purpose, we only need the theory developed in [DR73]. However, the appendix
by Brian Conrad in [BDP] contains a more explicit and more general treatement
of the intersection theory on such stacks.
The stackMΓ0(p) is the moduli stack classifying elliptic curves (over Z) with a
choice of a subgroup of order p. These stacks are Deligne-Mumford (DM); the
main property of DM stacks that we need is that they admit finite e´tale covers
by schemes. Thus one can define sheaves on them as sheaves on the e´tale site,
in particular, these stacks are locally ringed, and one can use the intersection
theory of schemes to define intersection concepts on the stacks. For the defini-
tion and basic properties of these stacks, see [DM69].
The stack MΓ0(p) is not representable, i.e. it is not a scheme, since every
pair (E,C) consisting of an elliptic curve E and a subgroup C of order p ad-
mits at least one non-trivial automorphism (the involution corresponding to
−1 ∈ Γ0(p)). It is regular ([DR73],The´ore`me V.1.16), of dimension 2 (of rela-
tive dimension 1) over Spec(Z).
Let M be such a stack, and let L be an invertible sheaf on M. As in [DR73],
VI.4.3, the degree of L is defined as follows. Suppose that L has a rational
section f . Pick a geometric fiber (for example, say it is M⊗ k where k is an
algebraically closed field), and at each closed geometric point x of this fiber,
define:
degx(f) =
{
dimk O˜x/(f) if f is regular at x
− dimk O˜x/(f−1) otherwise
where O˜x is the henselian local ring of the fiber at x. Then the degree of L is
defined by:
degL =
∑
x
degx(f)
|Aut(x)|
where Aut(x) is the automorphism group of the elliptic curve represented by
the point x. This degree is independent of the choice of the fiber.
A reduced irreducible closed substack of codimension 1 is Cartier (Lemma
B.2.2.8 in [BDP]). A Cartier divisor is effective if the ideal sheaf associated
to the corresponding closed substack is invertible. If D is an effective Cartier
divisor, there is an invertible sheaf O(D) associated to it that has a canonical
regular global section sD. By regularity of the stack, the henselian local ring at
every codimension 1 point is a DVR, thus to every effective Cartier divisor one
can associate an effective Weil divisor (i.e. a finite formal integral combination
of closed reduced irreducible substacks of co-dimension 1, where all the coeffi-
cients are non-negative). For an invertible sheaf L on M, and a global section
s of L that is non-zero on every connected component ofM, we can associate a
Weil divisor div(f) such that there is an isomorphism of sheaves O(div(f)) ∼= L.
Thus we can identify the concepts of an effective Cartier divisor and an effective
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Weil divisor. Given an invertible sheaf L with a global section s which is non-
zero on every connected component, its divisor D = div(f) can be written as
the sum of horizontal and vertical divisors. If N is an irreducible component of
a geometric fiber, seen as a vertical divisor (by giving it the reduced structure),
then one can define the intersection number:
(D,N) := degO(D)|N .
The degree of L can equally be defined as the intersection number of the divisor
of a global section with a geometric fibral divisor.
The stack classifiying generalized elliptic curves (without a choice of a structure)
is denoted M1. It is shown in [DR73] that the reduction mod p, MΓ0(p) ⊗ Fp
consists of two copies ofM1 ⊗ Fp glued together at the supersingular points.
Similar to the case of the moduli schemes, on each of the stacks MΓ0(p) and
M1, there is an invertible sheaf ω such that the modular forms (of levels p and
1 respectively) of weight k can be seen as global sections of ω⊗k.
2.3 Congruences of level 1 and level p modular forms
For this section, fix a prime p ≥ 5. We look at congruence relations between
modular forms on SL2(Z) and on Γ0(p), that is, congruences between their
formal q-expansions at infinity. In [Ser73], Serre proves that every modular
form in M(Γ0(p),Z) is p-adically of level 1, that is, if f ∈ Mk(Γ0(p),Z) for
some k, then for every integer i > 0, there exists an integer ki and a modular
form fi ∈Mki(SL2(Z),Z) such that f ≡ fi (mod p
i). In particular one has the
following result. Let v = vp(f˜), and let:
E∗p−1 = Ep−1 − E˜p−1.
The form E∗p−1 has the following properties: E
∗
p−1 ≡ 1 (mod p) and vp(E˜
∗
p−1) =
p. If v ≤ k, this implies that tr(f(E∗p−1)
k−v) ∈Mkp−v(p−1)(SL2(Z)) is p-integral
and is congruent to f modulo p. Here, tr is the trace operator sending modular
forms of level p to modular forms of level 1; for the definition and properties,
see [Ser73].
When v > k, if the above congruence still holds, then we expect to see f mod
p in weight kv − v(p − 1) < k. Since this weight is less than k, Serre’s trace
argument apparently no longer applies. The aim of this section is to show that
a similar congruence relation still holds even when the “expected weight” for f
is less than k. That is, we have:
Theorem 2.6. Let p ≥ 5, f ∈Mk(Γ0(p),Z) with vp(f) = 0 and vp(f˜) = k+ a.
Then there exists g ∈Mk−a(p−1)(SL2(Z),Z) such that f ≡ g (mod p).
Proof. The case where a ≤ 0 is covered by Serre’s argument in [Ser73]. We
deal here with the case where a > 0.The proof relies on Deligne and Rapoport’s
study of the stackMΓ0(p) in [DR73]. The intersection theory on such stacks is
summarized in Section 2.2.
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The modular form f can be seen as a global section f ∈ H0(MΓ0(p), ω
⊗k).
Let N1 and N2 be the two irreducible components of MΓ0(p) ⊗ Fp containing
respectively the (reductions of the) cusps ∞ and 0. Then f does not vanish at
the generic point of N1, and it vanishes to order a at the generic point of N2.
Thus the divisor of f can be written as:
div(f) = D + aN2
where, without loss of generality after multiplying f by a constant of p-adic
valuation 0, we can assume1that D is an effective horizontal Cartier divisor
on MΓ0(p). As in [DR73], VII.3.19, we can calculate the intersection number
(D,N1) as follows: on N1 ∼=M1 ⊗ Fp, the degree of ω is 124 ([DR73], VI.4.4.1),
hence:
(div(f), N1) =
k
24
.
The components N1 and N2 intersect transversally at the supersingular points.
It follows from [DR73] (The´ore`me V.1.16 and The´ore`me VI.4.9.1) that:
(N2, N1) =
p− 1
24
This gives then that:
(D,N1) =
k − a(p− 1)
24
.
Now D is an effective Cartier divisor, so it corresponds to an invertible sheaf
O(D) together with a regular global section sD. We then have:
(D,N1) = degF¯p(O(D)|N1 ) =
∑
x
degx(sD)
|Aut(x)|
where the sum is over the closed geometric points of the component N1. Since
sD is regular, degx(sD) ≥ 0 for each x, and (D,N1) ≥ 0. Since p ≥ 5, it follows
(see [Sil09], Theorem 10.1) that for each x, |Aut(x)| ≤ 6. In particular we have
that if (D,N1) > 0, then (D,N1) ≥
1
6 .
First, if k − a(p − 1) = 2, then (D,N1) =
1
12 <
1
6 , which is impossible. So we
must have that either k − a(p− 1) = 0 or k − a(p− 1) > 2. Denote by Mak the
subset of Mk(Γ0(p),Z) consisting of modular forms h such that vp(h) = 0 and
vp(h˜) = k + a. Define the mapping:
φ :Mk−a(p−1)(SL2(Z),Z)→Mk(Γ0(p),Z)
1While f might have some poles along certain vertical (i.e. fibral) divisors, it cannot have
a pole along a horizontal divisor. This is because any horizontal divisor would meet the
generic fiber, and so if f has a pole along a horizontal divisor, then f would have a pole when
considered as a modular form over C, which contradicts the holomorphy of f as a complex
function of a complex variable. The vertical components of the divisor of poles correspond to
the primes appearing in the denominators of the q-expansion of f . As these denominators are
bounded, one can find a constant K ∈ Z, K 6≡ 0 (mod p) such that Kf has no primes in the
denominators of its q-expansion except possibly p. Multipying by such a constant obviously
preserves the p-adic valuation of f at both cusps
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g 7→ (E∗p−1)
ag.
Recall here the convention that M0(SL2(Z),Z) = Z. It is easy to check that
the image under φ of V =Mk−a(p−1)(SL2(Z),Z) lies in M
a
k . Recall also that V
has a Victor Miller basis, which is the unique integral basis consisting of form
f0, · · · , fd−1, where d = dimQMk−a(p−1)(SL2(Z),Q), such that fi = q
i +O(qd)
for 0 ≤ i ≤ d − 1 (see for instance Proposition 6.2 in [Kil08]). We also adopt
the convention that the Victor Miller basis of M0(SL2(Z),Z) is the set {1}.
Assume f mod p is not in φ(V )⊗Fp, then substracting from f a suitable linear
combination of the images in φ(V )⊗Fp of elements of the Victor Miller basis of
V , we may assume that f has a mod p vanishing order at infinity v∞,p(f) ≥ d,
where d = dimQMk−a(p−1)(SL2(Z),Q); then so does the section sD of O(D).
As the cusp infinity has only an automorphism of order 2, we have:∑
x 6=∞
degx(sD)
|Aut(x)|
+
v∞,p(sD)
2
= (D,N1).
If k−a(p− 1) = 0, then (D,N1) = 0, and d = dimQMk−a(p−1)(SL2(Z),Q) = 1.
As degx(sD) ≥ 0 for each x, this means that degx(sD) = 0 for all x, so in
particular, v∞,p(sD) = 0, but this contradicts the inequality v∞,p(f) ≥ d. So
assume that k − a(p− 1) > 2. We have:∑
x 6=∞
degx(sD)
|Aut(x)|
+
v∞,p(sD)− d
2
= (D,N1)−
d
2
.
Consider the form fd−1 ∈ V , which is the element of the Victor Miller basis of
V with highest vanishing order at infinity, this vanishing order at infinity being
v∞(f) = d− 1. This form vanishes nowhere other than at infinity and possibly
at the elliptic points of orders 2 and 3. Let v2(f) and v3(f) denote respectively
the vanishing orders of f at the elliptic points of orders 2 and 3, and recall that
v2(f) ≤ 1 and v3(f) ≤ 2. The valence formula for level 1 modular forms (see
for example Proposition 3.2 in [Kil08]) then gives:
v∞(fd−1) +
1
2
v2(fd−1) +
1
3
v3(fd−1) =
k − a(p− 1)
12
,
and therefore:
k − a(p− 1)
12
− (d− 1) ≤
1
2
+
2
3
=
7
6
.
Thus using the above calculation for (D,N1), we find that:∑
x 6=∞
degx(sD)
|Aut(x)|
+
v∞,p(sD)− d
2
≤
1
12
,
which forces: ∑
x 6=∞
degx(sD)
|Aut(x)|
+
v∞,p(sD)− d
2
= 0
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and hence:
(D,N1) =
d
2
which in turn gives:
d =
k − a(p− 1)
12
.
This however is contradicted by the dimension formula for modular forms in
level 1, which says that if k − a(p− 1) ≡ 0 (mod 12), then d = 1 + k−a(p−1)12 .
Remark 2.7. A weaker version of Theorem 2.6 can be proven by elementary
methods. This can be done by adapting the argument due to Kilbourn (see
[Kil07]) by which he proves Lemma 2.1. This is a sketch of the argument: if f
satisfies the hypothesis of Theorem 2.6 with a ≥ 1, then h = tr(f) ≡ f (mod p2).
Let g = f−h
pvp(f−h)
. let −|V : Mk(SL2(Z)) → Mk(Γ0(p),Z) denote the operator
defined by V (
∑
anq
n) =
∑
anq
pn. Then one can show that h|V ≡ pm−kg˜
(mod p). On the other hand, vp(p
m−k ˜˜g) = vp(p
m−kpkg) ≥ a + 1 ≥ 2, so
vp(p
m−kg˜) is congruent to some modular form of level 1 in weight kp − (a +
1)(p − 1). If wp denotes the mod p filtration of level 1 modular forms, defined
by:
wp(F ) = inf{k : F ≡ G (mod p) for some G ∈Mk(SL2(Z),Z)},
we know that wp(h|V ) = pwp(h) so this forces wp(h) ≤ k − (p− 1). It might be
possible to find a variation of this argument that would give an alternative and
elementary proof of Theorem 2.6. The author was however unable to find such
an argument.
A simple corollary of this theorem concerns the T -form defined above.
Corollary 2.8. pT˜ ≡ 1 (mod p).
Proof. This can be proven directly from the computation of T˜ as in the previous
section, but this follows easily from Theorem 2.6, by noting that vp(pT˜ ) = 0,
vp(p˜T˜ ) = p and that pT˜ is of weight p − 1. The theorem then implies that
pT˜ is congruent mod p to a modular form of weight 0, that is, a constant,
and this constant is found to be 1 by examining the first coefficient of the q-
expansion.
2.4 Generators of M(Γ0(p),Z)
In this section we identify a set of generators for M(Γ0(p),Z). Let T denote the
T -form defined earlier:
T (z) :=
(
η(pz)p
η(z)
)2
∈Mp−1(Γ0(p),Z).
Let S denote the subset ofM(Γ0(p),Z) consisting of modular forms f satisfying
vp(f˜) ≥ 0. We prove the following:
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Theorem 2.9. M(Γ0(p),Z) is generated by T and S.
Proof. Let f ∈ Mk(Γ0(p),Z), f 6∈ S. Put a = −vp(f˜) > 0. We argue by
induction on a. Let g = paf˜ . Then vp(g) = 0 and vp(g˜) = a + vp(
˜˜f) =
a+ vp(p
kf) ≥ k+ a, so by Theorem 2.6, there exists h ∈Mk−a(p−1)(SL2(Z),Z)
such that:
h ≡ g (mod p),
and by Corollary 2.8, this can be rewritten as:
(pT˜ )ah ≡ g (mod p)
where now (pT˜ )ah and g have the same weight. Thus there exists u ∈Mk(Γ0(p),Z)
such that:
(pT˜ )ah+ pu = g.
Recall that p˜T˜ = ppT , and that h˜ = pk−a(p−1)h|V since h is of level 1 and of
weight k − a(p− 1). So applying the w˜ operator again, we get:
pk+aT ah|V + pu˜ = pk+af
and hence pu˜ = pk+av for some v ∈Mk(Γ0(p),Z). Now we have:
f = T ah|V + v.
An easy calculation now shows that vp(v˜) ≥ 1 − a = vp(f) (since vp(u) ≥ 0).
By induction it then follows that we have the following decomposition of f :
f = T afa|V + T
a−1fa−1|V + · · ·+ Tf1|V + f0
where for each 1 ≤ i ≤ a, fi ∈ Mk−i(p−1)(SL2(Z),Z), and hence vp(f˜i|V ) =
vp(fi) ≥ 0, and vp(f˜0) ≥ 0, which proves the theorem.
Numerical evidence points to the following conjecture:
Conjecture 1. The Z-subalgebra ofM(Γ0(p),Z) generated by S = {f ∈M(Γ0(p),Z) :
vp(f˜) ≥ 0} is generated in weight at most 6.
Conjecture 1 and Theorem 2.9 together imply the following:
Conjecture 2. The weights of the modular forms appearing in a minimal set
of generators for M(Γ0(p),Z) are in the set {2, 4, 6, p − 1}, and there is only
one generator of weight p− 1 (which can be chosen to be the T -form T ).
In Section 3.2, we present the computational data supporting Conjecture 2.
3 Computational data
3.1 Generators and relations of M(Γ1(N),Z[
1
N
])
We use a modification of Algorithm 1 in [Rus12] to calculate the structure of
the algebra of M(Γ1(N),Z[ 1N ]) for 5 ≤ N ≤ 22. For each N , the minimal
set of generators picked is the union of integral bases of M2(Γ1(N),Z) and
M3(Γ1(N),Z). The algorithm operates as follows:
Algorithm 1.
1. GENERATORS = {g1, · · · , gr} integral basis for M2(Γ1(N),Z)
⋃
inte-
gral basis for M3(Γ1(N),Z).
2. RELATIONS = {}.
3. for each k ∈ {4, 5, 6}:
(a) B = integral basis of Mk(Γ, A).
(b) M =
m1...
ms
, the monomials of weight k in the elements of GENERATORS.
(c) Express elements of M as an integral linear combination of elements
of B, obtaining an integral matrix A such that M = AB.
(d) Calculate D, the Smith Normal Form of the matrix A, as well as the
transformation matrices U and V , such that D = UAV .
(e) For every diagonal entry Dii of D, check if Dii is invertible in Z[
1
N ]:
• if Dii is not invertible in Z[ 1N ], then the ith row of UAB is a
relation. Add it to RELATIONS.
(f) For every row Dj of D:
• if Dj is a zero row, then the jth row of UAB is a relation. Add
it to RELATIONS.
4. Represent each generator gi as a variable xi. Find the ideal I of Z[ 1N ][x1, · · · , xr ]
generated by RELATIONS. This is the ideal of relations. Output a
Gro¨bner basis for I.
In the following table we provide the number of relations needed to generate the
ideal of relations of M(Γ1(N),Z[ 1N ]), detailing the total number of generators
of M(Γ1(N),Z[
1
N ] and the number of generators in weights 2 and 3, as well as
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the total number of relations and the number of relations in each degree.
N generators weight 2 weight 3 relations degree 4 degree 5 degree 6
5 7 3 4 17 1 6 10
6 7 3 4 17 1 6 10
7 12 5 7 58 6 24 28
8 12 5 7 58 6 24 28
9 17 7 10 124 15 54 55
10 17 7 10 124 15 54 55
11 25 10 15 281 35 125 121
12 22 9 13 215 28 96 91
13 33 13 20 502 64 226 212
14 30 12 18 412 54 186 172
15 40 16 24 749 104 344 301
16 38 15 23 673 89 306 278
17 52 20 32 1281 166 584 531
18 43 17 26 869 118 398 353
19 63 24 39 1902 246 867 789
20 56 22 34 1495 207 690 598
21 72 28 44 2497 346 1156 995
22 65 25 40 2027 270 930 827
3.2 Generators of M(Γ0(p),Z)
Recall that the set S is defined as the set of modular forms f ∈ M(Γ0(p),Z)
such that vp(f˜) ≥ 0. Recall also the T -form T (z) :=
(
η(pz)p
η(z)
)2
. We will provide
computational evidence for Conjecture 2.
We use Algorithm 1 in [Rus12] to calculate the degrees of generators in a minimal
set of generators for M(Γ0(p),Z). The following table details the results.
p weights of generators
5 2, 4, 4 –
7 2, 4, 4, 6, 6 –
11 2, 2, 4, 6, 10 –
13 2, 4, 4, 4, 4, 6, 6, 12 –
17 2, 2, 4, 4, 4, 6, 16 –
19 2, 2, 4, 4, 4, 6, 6, 18 –
23 2, 2, 2, 4, 4, 6, 22 –
29 2, 2, 2, 4, 4, 4, 4, 6, 28 –
31 2, 2, 2, 4, 4, 4, 4, 6, 6, 30 –
In each level p above, the form in weight p− 1 can be chosen to be the T -form.
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